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The following pages arc intonded quite as much for students 
of mathematical physics who may not be able to can-y the 
subject farther than is here done as for those intending to 
make a more extended study of the modern theory of linear 
differential equations. Students who have masterad Byerly's 
Integral Caleidus (revised edition), or its equivalent, are in a 
position to read what is here given. Treatises on the subject 
of Linear Differential Equations have recently been published 
by Heffter (elementary), SeMesinger and Craig. Picard's 
Traits (^Analyse and Jordan's Course d'Antdyse, Tome III. 
may also be consulted ivitli iidvaiitage. 
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HEGULAE, POINTS 

LINEAR DIFFERENTIAL EQUATIONS 

SECOND ORDER. 

INTRODUCTION. 



Any homogeneoue linear differential equation of the second 
order may be written in the form: 

(1) |5 + ,(.)g + „«)!,= 0. 

Two solutiona of this equation are aaid to be linearly indepen- 
dent if neither is a constant multiple of the other. If y^ and 
yj are solutions of (1) it is clear that 

(2) 2/ — c,v, + -^ Wi, 

^here '■j and (j aie constant", ■will also le i irl ton Ihc 
con^eise of tins is also tiue, namely, that if ^i iiid v^ ire 
Imeaily independent i^eiy solution of (1) can be thronn into 
the fonn (2) which is therefoie known as the geneial solution 
of (1") * 

It IS with equations of tlie form (1) that -ne shall hi,-\e to 
deal in the toUoT^mg pages and we will a««ume foi the sake of 
simphcity that the coefficients p and q are rational functions of 
the independent rariable cc.t This variable x will be allowed 
to take on complex as well as real values so that we shall have 
to represent it geometrically by a point in the complex plane. 
The points, necessarily finite in number, at which at least one 

" For a strict proof of this theorem cf. Heffter. pp. 45-*8, 233-235. 

t The reader should notice, howeret, that the following p'ges apply 
almost witliout change to the more general case in whiuh p and q, though 
not rational, have no singular points eicept a Snite number of poles in 
the portion of the ooraplex plane considered. 
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2 INTRODUCTION. 

of the functions p and q becomes infinite are called tlie singular 
points of the differenfiai equation, while all other points are 
called non-singnlar or ordinary points. A juatiflcation of these 
tenns lies in the following, — 

Pundamental Theorem : If a is an ordinary point of the 
differential equation (1) the gen&eai solution can be. expressed in 
the neighborhood of this point in the form, 

y = g,J^g^{p — a)^g^{x-ay-Y ■ ■ - 
where ?„ "wd Qi wre arbitral constants. 

We shall find it convenient to postpone the proof of this 
extremely important theorem until later, and to go on at oncf 
to the following, 

Definition : A regular point of the eq^uition (1) is a poiiit at 
which p does not become infinite to an oriier higlier than the 
first or q to an order higher than the second. 

It will be seen that all ordinary points and. some singular 
points are included among the regular points. The other 
singular points at which p becomes infinite to an order higher 
than the first or 5 to an order higher than the second or at 
which both of these things happen we shall naturally speak of 
as irregular points. In the following sections we shall obtain 
in the neighborhood of regular points solutions of (1) in the 
fonn of series and in the course of this work we shall obtain 
as a special case the fundamental theorem above given concern- 
ing non-singnlar points. 

In discussing the beha\-ior of the solutions of (1) in the 
neighborhood of a point a we shall find it convenient to throw 
the differential equation into the form : 

(3-) (.■_-.o^o(^)^ + (^— «)Pi(^)^+'p.(^);/=o 

where Po) Pn Pa a^ rational functions of x none of which 
become infinite when ic ^: a and which do not all vanish when 
x^= a. It is clear that (1) can be reduced to the form (3) in 
an infinite number of ways, namely by multiplying (1) through 
by a suitable power of a. — a and by any rational fraction 
neithei the numerator nor the denominator of which contains 
X — a a-i a factor This form (3) is peculiarly convenient in 
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distinguishing between regular and iiiegulat points, the neces- 
sary and sufficient condition that a should be a regulai point 
of (3) being that Po(f') sliall not be zeio, while the fuitlier 
condition that a should be a iion singular point is that pi 
should vanish at least to the fiist order when t ^: a and p^ at 
least to the second oidei. 



§1. FORMAL TREATMENT OF REGULAR POINTS, 
GENERAL CASE. 

Without at iirst maldng any assumption concerning the 
nature of the point a we will ti-y to find a solution of (3) in the 

(4) j = (a, — <.)-'J's,(», — o)-. 

We shall here assume, as we may do without loss of generality, 
that gn ^ 0. The above expression (4) involves an undeter- 
mined exponent k and an infinite number of undetermined 
coefflcienis (/^, ail of which quantities must be determined 
by substituting (4) in the equation (3). Before performing 
this substitution let us note that the result of substituting 
(a;— ay in the first member of (3) is 

ix-aYlpip-l)p,{x) + pp,ix)-^V,(x)^. 
Let the expression in square parentheses be denoted by 
f(x, p). This function does not become infinite when x=^a 
and, being a ratioaal function of x, can therefoi-e be developed 
by Taylor's theorem accoi-diug to powei-s of x — a: 

(5) fix, p)^ p(p-l)p,(x)-\- pp,{x)+p,ix) 

^''ij;(p) (« — «)"■ 

Tbe coefficients /„ involve p integrally and rationally to a 
degree not higher than tbe second. 

If now we substitute (4) in the equation (3) we get : 



, + ,)(a,_a)-+-=o 
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or rejilaciiig f{x, k -\- v) hy ils development (6) ; 

'Tg, 'Tm- + v) (X -<■)'+■+' = 0. 

We must here collect the terms involving like powers of a; — a 
into a single term and equate the coefficients of the terms thus 
formed to zero. This gives us the following iuflnite set of 
equations : 

S./.(.)=0, 

,., j,/.(«+i) + j,/,(«)=o, 

^ ' 9./.C« + 2)+9,/,(«+l) + S../;(«) = 0, 

»./.(« + 3) + II.M' + 2) + (/,/.(« + 1) + »./.(«) = 0, 



From these equations wc must compute the exponent k and tlic 
coefficients g^. 

Since as wc have seen we may assume <;„ ^|- the first 
equation reduces to 

/„(«)= 
an equation to determine the exponent k and known as the 
indicial equation of the point a. Since /o(k) is the constant 
term in the development of f(<e, k) we liave : 

MK)^f(a,K)^K(^-l)p,{a) + Kp,(a)-\-p,i,a). 

The indicial equation will therefore be of the second degree 
unless Po(<*) ^^ in which case it will he of lower degree. 

The necessary and sufficient oondttion that the mdiciai equa- 
tion of a given point shot Id be of the second iegiee is tJuU the 
point should be regular 

In what followB we will assume that a i? a res;ular point and 
we will denct* the roots of the indiciil equation which in this 
case are known ^s the ej.po entt of the point a by k and k". 

Having thus dete -m ed « by means of the fiiet of the equa- 
tions (6) the e a „ equitions gi^e us m succession the 
values of 3, q j iteimsofOj, The equ-itions being 

linear the fiist f then can be sohed -it onte 1 s determinants 
and give ; 
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(-l)-t,(.)g„ 



/,(. + v-1)/,(k + v-2) 
/.(« + '-2) 














We elms see that g^^ which occurs merely as a factor of 
the whole series, may be chosen at pleasure and that then 
01, g^, . . . are completely determined the determination of 
course being different according as we have given to k the valne 
k' or k". "When it is necessary to indicate this last mentioned 
dependence of g^ upon k we may write gyi^)- 

We have now obtained the following two series of the 
form (4) : 

y,r=(_x-aY''Tg.(.')(x-<.iy, 



.{x-af S ?,(«") (^ 



ay. 



It will be proved in § 2 that these series converge in the 
neighborhood of a. Assuming this it is clear that y^ and y^ 
are solntions of the differential equation (8), and, since they 
are in general lineally independent, that the general solution 
of (S) is Ci^i + Cj^a. Two difficulties may, however, arise: 
let, the indicial equation may have equal roots k! z^ k" in which 
case we get only one solution in the above form. 2d, some of 
the factors /o(k + 1), Mk-\-2), . . . wliich occur in the 
denominator of g,(K) may be zero, so that the detei-mination 
of ?p(k) is impossible. This can happen only when K-\-n 
(n being a positive integer) is a root of the mdicial equation, 
i. e. it can happen only when the difference of the exponents 
is an integer and even then only in the case of the series 
corresponding to the exponent with the smallest real part. 
We have then, except for the proof of convei^eney to be given 
later, established the following proposition : 
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6 FOEMAl TEBATMENT OF KEGULAB POINTS. 

In the neighborhood of a regular point two and only two 
linearly independent solutions of the differential eqimtion can in 
general be foimd in the form (4) correaponding to the two 
exponents k', k" of the paint. JSxcepHons occur only when 
k' — k" is an integer in tvhieh case only one solvHon of the 
form (4) can in general be found. 

Owing to the fact that it is impoaBible to find more than two 
series of the foi-m (4) which even fonnallj (i. e. without regard 
to convergence) satisfy the difEerential equation it is obviously 
immaterial whether we use the above method for determining 
the exponents and the coefficients or any other method which 
will make the series satisfy the difEerential equation formally, 
the result of the determination must be the same in either case. 
In particular if we wish to use the above method it will mate 
no difference how we reduce our difEerential equation to the 
standard form (3) i. e. insteatl of the functions j^o, Pi, p^ we 
may take any other rational functions proportional to them 
none of which become infinite and which do not all vanish 
when x:=a. We may for instance let Po ^= 1 as we shall find 
it convenient to do in § 2 ; or we may make p„, pi, p^ all 
integral rational functions as we should usually find it con- 
venient to do in applying the general theory to special problems 
since then all the coefficients /^(p) in the development of 
f(x, p) aft«r a certain point will be zero. 

Finally let us glance at the case of an irregular point. 
Here the indicia! equation is either of the zeroth or of the first 
degree. In the first case no solution of the form (4) exists. 
In the second case one and only one series of the form (4) 
exists which formally satisfies tlie difEerential equation, but 
even this series is of comparatively slight importajice as, unlike 
the series for a regular point, it will not in general converge.* 

Exercises. 
1. Find the singular points of the following difEerential 
equations; distinguish between regular aud irregular points 
and find the exponents of the regular singular points : 

• For examples illustrative of the nmtter here touched upon see 
Heffter, pp. 43-44. 
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CONVEKGBNCI 



(Liigendre's Equation) . 



W 35 + 5 b=x + :;:_,+;; 



2 V"' — «i 



^"+1 



- )/ ^= (Lamp's Equation) . 



4(^-e,)(^-e.)(^-e.)^ 

2. Determine the coefficients g^ in the developments about 
the regular point ; 

(a) for equation (a) Exercise 1 ; 
(6) for Bessel's Equation : 

do uot attempt to consider at present the cases in which the 
difference of the exponents is an integer. 



§ 3. CONVERGENCE. GENERAL CASE. 

In the pieceeduig section we saw that in the neighborhood 
of a legulir point a two series of the foi-m (4) will in general 
exist which formally satisfj the differential equation, while in 
all cases wheie we have a legular point one such series exists. 
It is the object of the piesent section to prove that these series 
converge vnthtn a nide described about the point a as centre 
and pas»fng thi oitgh the nearest singular point of the differential 
equation. 

In the proof of this theorem Tve shall find it convenient to 
assume that po^ 1, an assumption which as we have seen is 
allowable. 
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8 COKVEltGENCE. 

Call the diatance (real and positive) from the point a to the 
nearest singnlar point of the differential eqnation R. We wish 
to prove that the series 

(M T,/,(. )(=;-»)' 

in wliich the coetBcieuts have been detei-mined by equations (6) 
is oonvei^ent at any point a; within a circle described about a 
as centre with radius 7^. Draw a second circle of radius K 
and centre at a lan^e enough to include the point x but smaller 
than the first circle : 

Ii>E>\sc-a\.' 
We will speak of this second circle as the " circle K." 

Our method of proof will be to find a set of positive real quan- 
tities «„ ^ I ff „ I ami to pi-ove tbat the series 2 a^ | a: — « | " is 
convei^ent. From this the absolute convergency of (8) follows. 
To find tliese quantities a^ Tve proceed aa follows. 

From equations (6) we get : 

?.+. = jr|j^=^i^:jy[9./,(« + ') + !/.-./.(- + »-!) 

+ • • • +<;./.+. W] 

whence it follows that : 

9.+. 1 < -jyY. +'. + Tn [ I "■ i ■ I ■'■■''' + '' ' 

+ ■ ■ ■ + I !/. I ■ ! '■.+!(«) I ]. 



Moreover we have : 
g/(^. p) _ 



S iv+l)f,^i{p){x — ay, 



the ratlins of convergence of this series being B. If then we 
denote the greatest value of | 9/(i», p) /^x \ on the circle K 
by M{p) we have by a well known tlieorem eonceming power 
eeriea :t 

lf(,)>(v+l) |/,+,(p) \K; 

* By ] 3 I is meant the absolute value or modulus of the complex 
qiiaiitilT)' z. 

t The following tiieorem is refered to ; 

If F (^z) ^ c„ + Ci z + c,z^ + • ■ ■ is a power series con/eergent in a 
circle described about the origin with radiiis R and if K <^B then, the 
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0.- i/.+,wi<^°-^:-^p^<*w-j^-, 

therefore, — 

l9.+.l<17.(;+W-iy|:i».l-*(-+') 

+ \S^,\.M(. + v-l)-K-'+-.. + \,,\-M(,).E-2. 
The second member of this inequality we will denote by 
Bp+i so that: 

+ lS.|-Jf(.)./f-+>]. 
This is the quantity a^ which me wished, to define. From these 
expressions for a„+i and a^ we obtain at once the equation ; 

In order to prove the convergency of the aeries 2 a„ | x — a \ " we 
need merely to show that 

,'!l°„(^'i--«i)<1' 

Now since \ cj^\ <a^ 



and we have to find the limits of these two fractions which we 
will call P and Q. We evidently have : 

where A and B arc independent of p. We have then : 

lin, p_ _1 lim I (. + v )'+yl(. + v)+7; I _ 1 

To compute the limit of Q let ns denote by Xg that point (or 
one of the points) on the circle ^ at which j df(x, p) /Sx | has 
greatest value which \ F(z) ] takes on on the drdt of radius K described 
ttiomi the origin is at least as great as [ Cv \ K". 

For two different proofs of this Uieorem cf . Forsyth Theory of Func- 
tions, p. 33 (where however tlie theorem ia not stated), and Harknees 
and Morley : Theonj of Fttnctions, p. 107. 
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10 NOK-SISr,IJLAE AND SEMI— SlN&Ol.AE 1'01^'TS. 

the greatest value M. Then since we have assumed that p^^^l 
(and it is here that this assumption is essential t« our proof) : 

M{pj— I pK (i«o) + K (.»^) I , 
where the accents denote differentiation. Accordingly ; 
I («+v)ft'W+ft'W I 

^.^K'+»+i)"+^(«+'+i)+-b| 
^ |..+H'Ir'WI + I?.'W 
-[(«+v+i)'+4{«+v+i)+ii|- 

Let us denote the greateat values of | pi_' {x) \ and | p^' (x) | on 
the circle Khy M-^ and M^, then : 

' -i(«+v+i)'+4(«+.+i)+Br 

From which it follows at once that the limit as v ineicascs 
indefinitely of Q is zero. Thus wc get finally : 

and the convei^eucy of our series is established. 

We have here merely proved that the radius of convergence 
of the series (8) is at least as great as R, we have not proved 
that it is exatitlj equal to B and in fact in some eases it may 
be greater. It would not, however, be hard to show that in 
general the ratlins of convergence cannot exceetl R. 



% 3. NON-SINGULAR AND SEMI-SINGULAR 
POINTS. 

Among the regular points of a differential equation are 
included as we have seen all non-singular points. We will 
begin this section by attempting to apply the results so far 
established for regular points in general to non-singular points. 

If ffl is a non-singular point of equation (3) the coefficients 
of the equation must he developable as follows, «„ being a 
t different from zero : 

Po(T)-ao+«.(^-«) + «.(*-«)'+ ■ ■ ■ 
p^{x)^ h,{x-a) + hA.x-aY-ir ■ ■ ■ 

P^i^)^ c,(* — «) = + . . . 
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SOS-SJN&ULAI 



/.<')~«[(«-l)Oi + 6.] 

From the lirst of theee equations we get at once the theorem ; 
The &sponenta of every nori-aingular point are and 1. 

The difference of these exponents being an integer we have 
here one of the exceptional cases of § 1. All that we know 
from the preceeding sectiona is that eoiTcsponding to the larger 
of the exponents 1 a solution of the form : 

can be found. 

From the general theory given in § 1 we should expect that no 
series corresponding to the exponent zero would exist. If, 
liovvever, in determining the eoefilcienta g^ of the series : 

y=TgA^-c^y 

we u«e net formula (T) which as ■ne ha^e seen contains a zero 
factor m the denominator but the eriuations (b) from which 
this formula was deluced ne see that the difheidty which 
usudly piesents itself disappears in the case we are now 
cnnflidenn% In using equations (6) ^le must of cour-se let 
K =r so that the secoird of the equations (6) now becomes : 

S'./o(l) + 3o/i(0)^0. 
This eqiration is to be used to determine gfi, but since /(|(1) ^ 
it appears at first sight tlra,t, since go -[- 0, no value of g^ will 
satisfy the equation. This is the diiflculty above refered to 
which might be expected to present itself here. That it do^ 
not pi^eaent itself is due to the fact that /i(0) ::^ (see the 
formula for/, just given). It follows that no matter what 
value is given to g-^ the second of the equations (6) is satisfied, 
i. e. Not only g„ but also g^ are entirely arbitrary in this case. 

FrBm this point on there is no difficulty in using the equa- 
tions (fi) to determine in sneecssion the coefficients i/^, f/a, . . . 
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1'2 KllK-SIKt,rLAE AKD SEMI-SIN&ULAU POINTS. 

in terms of ^o ^^^ 3n ^^^ since the proof of convergence given 
in § 2 depends not on formula (7) but directly on equations (6) 
it will apply here without change. 

Without actually computing g^, in the terms of i/o and gi it is 
clear fnim the fonn of equations (6) that we shall have : 
9B^'Jo9f' -\-9i9j' where g^,' and gj' are independent of the 
arbitrary constants g^ and gi. If then we assign in succession 
to the arbitrary constants ffo ^^^ 9i ^^ values g^^l, gi=:0 
and 3„ i^ 0, S'l :^ 1 we get the following two pai'ticular 
solutions : 

y,= l+ -S +9,' (a,-c.)- + s,' (,!-(.)■+..., 

Since these two lolutinns are evidently Iniearly independent the 
general solution will be ^:^ 90^1 -)-(/, Vi whuh is piecisely the 
most geneial senes which eoiresponds to the exponent zcio. 
We have then e^tabhsl'erl thf fundampntal theorem stated m fJte 
ifitiochntio-n 



1 Evaluate the coethcients ?„= *"/ r/^ -\- ri^g^ in tenns of 
the functions f„, fi, f^, , and show that when 9o ^= 
these coeftieients %ie precisely those given by foimula (7) for 
the senes coiiespondmg to the exponent 1 

2 De\ elope the genera! solution of Legeiidre i equ ition 
(§ 1, Exeicise 1 (&)) about the non sinsnihr point j. ^r 



Bi'iidLs tin 1 on sinful ai poi it'* n \m-\i lust < ouiilen .1 
theie are aKo othei le^ul'u points the diffeience of whose 
etiionents is an mtegei and yet wheie the difficulty whK,h as 
we sa'n m ? 1 ^ill m this case m geneial piesent itselt does 
not occur Such points we will call t,emi sinjida) pjints 
accoiding to the following definition 

A semi-stngular point ol the diffeientiat equation is a legular 
pomt the di^erence of whose ea^nenti, is an integer , bvt m 'fie 
neighbmhood of which, neiettheless, iu.o linearly independent 
sohttions oj the form (4) ''till ext&t 
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SON-SISGLLAE AND SEMI-SIKGULAK POINTS. 13 

Li.'t \iH find the eoudition that a regular point with exponeuta 
k' and k", wliei-e k' — K"=^n is a positiye integer, elionld be a 
semi-singular point. It is in the deteimina-tion of the coefficients 
of the series which coiTeaponda to the exponent k" that the 
difficulty here presents itself, or, to be exact, in the determina- 
tion of the coefficient ff„ and of the subsequent coefficients. 
The determination of the coefficients pi, . . . g^—i in terms 
of go presents no [jecuHarity. After these first coefficients 
have been determined the equation for detei'mining g^ is : 

9./.(«"+») + S.-i/i(«"+»-l)+- • ■ +9./.(<") = 0. 
Since /^(k" -|- w) =/„(k') ^ the necessary and snffleient 
condition that there shoald be any value of g„ which satisfies 
this equation is that ; 

/-/(.+ -11+9 ^,a«+ -'')+-''+!/aA(«") = 0, 
r s 9 at o e s en by e! t n^ / ... g^—i between 

th s eq at o a 1 1 tl e prece 1 ng eq at ons (6) which have been 
usel to detem ne 17 j _ that: A,i(K") = where 

7 haa the &\me ea g as p 5 If this relation is 

fulflUel the 1 e of ^ set elj a-bitrary. Fi-om this 
p nt on the e s o difficulty n onputing the subsequent 
coefh ei ts ^f ^ 9n+i ^ terms of q^ and g„. 

Tie neceasa y i I sfficeit cordtoi that a point, the 
dffere ce of Jose etqon&tita « — x s a positive iitteger n, 
al oull be a ae 3 ng lar po t a tl at the determinant 1i„{k") 
si ould van 1 

It should be not ce 1 thit uon s !>■ 1 r points are merely 
^I eo 1I cases f se s ngular j ut 

Exercises. 

1. Obtain a foi-mula similar to (7) for the eoefticients 
j„+i, g^+ii ... in the series just discussed. 

2. P.ove that every semi-singular point with expoueuls 
and 1 is a non-singular point. 

3. Can a regular point whose exponents are equal be a semi- 
singular point ? 
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4. For what values of n will the point x^l) be a eemi- 
singalar point of Besael's equation (§ 1, Exercise 2 (&))? 
Determine the coefficients in the development in this case. 



§ 4. EEGULAR POINTS. LOGARITHMIC CASE. 

We come now to the case of a regular point which is not a 
semi-singnlai point, for which the difference of the expoueuts 
k' — k" ■= n is zero or a positive integer. Here one solution 
j/i of the form (4) exists, namely the series correspouding to 
the exponent k', but uo solution of the form (4) linearly 
independent of y^. In order to get a second solution we may 
proceed as follows. Let y^ be any solution of (3) linearly 
independent of j/i and introduce the auxiliary variable : 



<l) 



^' 



/dx or y,^y,/zdx. (9) 

Substituting this last expression for y^ in the differential 
equation (3) gives us when we remember that yi is also a 
solution of (3) : 

Not only does z satisfy the differential equation (10) but 
convei-sely it is easy to see that every solution of (10) gives 
when substituted in (9) a solution y^ of (3) which except 
when z is identically zero is linearly independent of yi. We 
can, however, solve (10) getting : 

Remembering now the foi-m of yi we see at once that y±/yi can 
be expressed as a series proceeding according to ascending 
int^ral powers of {x — a) and begining with the term 
h' (x — a)— ^. Since pi,(a):^0 the second term under the 
sign of integration above can also be expressed as a series 
proceeding according to ascending integral powers of (x — a), 
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and the first tcrai here is Pi{(i) (x — a)-''- /pa(a). Since 
k' aiitl k" are thu roots of the equation 

we have Piin') /ihi.O')— 1 — «' — «". Accordingly if we 
expaud the whole expresaion which stands under the sign of 
iEtegratioii above according to ascending powers of (<e — a) we 
get as the first term : (1 + x' — «") (x — a)-^. Therefore 

Hence it follows that : 

2= (,_<,)."-.-.,-E..(.-»)-= (,,-„).'-.■ -.'rft.(a)-o)' 

where b(, ^ 0. Since «' — k" is zero or a positive integer there 
is a term in the development of x invohdng {x — a)—^. We 
have therefore by (9) : 

;/. = .'/,[(=!-»)■" -'JJ.('"-»)'+oi«g(>'-«)] 

where Cq ^= except perhaps when «' :^ k". Multiplying out 
and replacing y-, in the first of the two tei-ms by its deTclop- 
ment we can finally throw the above expression into the form : 

S, = (!t-<.)'"Tj;(a)-i.)-+C;,,log(»-o), 

where 3o'H- ^ except perhaps when «' :^ «". 

The constant C can not be zero for if it were we should have 
the case of a semi- singular point with which we are not at 
present dealing.* We may therefore simplify y^ by dividing 
it through by C Having done this we can simplify our 
solution still further by adding to it such a constant multiple 
of j/i that the term in (x — «)' drops out. 

* "Wlien a' = k" the reason here given no longer holds good, but in 
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16 LOGARITtlJIIC CASE. 

In the case we are considering in this section besides the 
solution j/i corresponding to the exponent «' there ia also a solu- 
tion y^ of the form : 

(11) y^^\og(x—a) . y,-\-(x-ay"''Tii;(x—ay 

where g^' ^0 bid (eawepf when n = 0) ;/„' =|- 0. 

We proceed now to the theorem : 

Tfte series in (11) converges within a circle described about a 
as centre and passing through the nearest singular point of the 
differential equation. 

Although the truth of this theorem might be eatabliahed by a 
careful cousideratiou of the steps bj which we deduced formula 
(11) it will perhaps be easier to proceed as follows: We 
know from the general theory of functions that tiie circle of 
convergence of any power series passes through the nearest 
singular point of the function developed. Suppose now that 
tlie circle within which the series of formula (11) convei^es 
(we know from the way in which the formula was deduced that 
it converges within some circle) did not reach out as far as the 
next singular point of the differential equation. Then it is 
cleai- that y^ would neeeasarily have a singular point at some 
point on the circumference of the circle of convergence. This, 
however, would be impossible as the fundamental theorem con- 
cerning non-singulai' points which was stated in tlie Introduction 
shows us that y^ being a solution of the differential equation 
cannot have a singular point at a non-singu!ai' point of the 
differential equation. 

The above method although it gives us the form of y^ 
does not give us any convenient means of computing the 
coefficients gj. For this purpose we will ^ain make use of 
the method of undetermined coefficients. 

Let g_i:= g_2^^ ■ • ■ ^(/_™^0. We wish to satisfy 
equation (3) by a series of the form : 

We saw in § 1 that the result of substituting {x — a)'' in 
the fli-st member of (3) is {x — u)ff{x, p). In tlie 
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eame way it is easily seen that the result of substituting 
log ( X — a) (x — ay in the firat member of (3) is 

where /' (a:, p) — df{x, p) /dp. 

If then we substitute y^ hi (3) we get : 

'T[j.-.(log(«-<.)/(=!, .+ ,»)+/■(«, v+.")) 

+9,7(». '+-")] (»'-")-+'" = o. 

Now we have : 

/(!.,,) ="iV,(p)("i-»)' md /'(=■, p)=||3V(,)(»>-o)'' 

where the accents denote differentia-tioii with regard to p.* 
Subatitnte these expansions of / and /' above aod cancel out 
the factor (x — a)"" and we get: 



+ 5 



,2. ^l/'-M'+ '")'!'-•')•*' 
"(f/.-,./,'('+«") + 9,%(' + "'0)(»-")'+'=O- 



It is easily seen that the series which is here multiplied into 
log {x — a) is ideutically zero; for if we collect the terms 
involving like powers of {x — a) and remembev that the g'& 
with negative subscript are zero it is clear tliat the coefficients 
of the successive powers of {x — ct) are the first membei-s of 
equations (6) in which k is replaced by k'. 

We have left then only the second term of the above equa- 
tion which must vanish identically. If in this series we collect 
the terms and equate tbe coefficients of the individual powei^ 

* The development of /' need not to be obtained by differenliating: the 
series for / term by term. We need merely to notice that: 

fix, p) ^ {2p-\)p,{^) + p,(,x). 
If we here expand ji„(ii!), ^1(1), jj5(ii!) and collect terms we see at once 
that the coefficients in the development of fj are the derivatives of thoae 
in the development of /. 
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of (x — a) to zero we get, i-emembering that not only the g's 
with negative subaeripts but also gj vanish, the following 
infinite set of equations to determine the coefficients gj : 

9.%(.") = 
?.7.(«"+l) + 9.7.(-") = 

(12) 

!/'—./.(«'- l)+!/'—/.("'-2)+---+!/.7—iM = 

?«/.'(«■) + 

S+g'.-,r,W—l) + ^ ■ ■ +9i'f.-i('"+t)+lh'M'"> = 

S,/.'C«'+I) + 9./i'('') 

+ jWi/o(»'+1) + S+ ^ ■ ■+»,W«"+1) + 9.K.+. (-") = » 

Since /^{k")^ the first equation is fulfilied by any 
value of ^o' s™<^ n'S'y therefore be left out of account. By 
means of the 3*, 3*, . . . w* equations we can determine 
ffi\ 02 ■ ■ • 9'n—i i>i terms of ^u'- The (re+1)" of tti« 
above equations iuti-oduces no new unknown quantity, but is to 
be regarded as an equation for determining in conjunction with 
the preceding equations the as yet undetermined quiintity g^'. 
Solving these n linear equations we find the value of go' as the 
ratio of two determinants of which the denominator is the 
expression fe„(K") introduced in § 1. This expression, how- 
ever, is not zero since a is not a semi-singular point {see the 
theorem at the end of § S) .* 

Having thus determined go, gi-, ■ ■ ■ g'n—i 'he subsequent 
equations allow us to determine g'^^i, g'n+i, - - - in succes- 
sion without difficulty. 

Equations (12) allow «a in all cases to determine the coeffi- 
cients gj. 

Having thus obtained a series of the form (11) which 
formally satisfies oui- differential equation it might seem at first 
sight that we ought to go on and prove that the series we have 

» It is true that the above does not apply to the case in which k' = k", 
but then the first re + 1 equations which we have been considering reduce 
tfl the single equation 3o/o'(!<") =0 which is identically fulfilled since 
/,(«) has K =^ k" as a double root. 
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THE POIST AT IN'FINITT. 19 

found converges. An exiJlieit proof of convergency is not, 
however, necessary; for the considerations of the first part 
of this section establish the existence of a solution of the 
form (11) and the considerations we have just completed eho^w 
that only one such series can even formally satisfy the differen- 
tial equation. The formal solution wc have just found must 
then be the tnie solution. 

Exercises. 

1. Prove that if we do not assign to (?„' the value zero the 
equations similar to (12) which we should obtain would leave 
g„' entirely undetermined ; and that if we assign to it a value 
different fi-om zero we thereby add to our solution y^ a constant 
multiple of j/i. 

2. Pi'ove that it is only when a is a regular {not semi- 
singular) point the difference of whose exponents is an integer 
that we can have a solution of the form : 

in which all tlie coefficients a^ are not zero. 

3. Develope about the point x=(i two linearly independent 
solutions of Bessel's equation (§ 1, Ex. 2 (6)) when n is an 
integer. 

4. Develope about the point x^ 1 two linearly independent 
solutions of Legendre's equation {§ 1, Ex. 1 (6)). 



g 5. THE POINT AT INFINITY. 

In the pi-eceeding sections we have obtained solutions of our 
diffei-ential equation in the form of series which converge in 
the neighborhood of some point a of the a^plane. It is often 
desirable to have solutions of our equation expressed in the 
form of series which converge for all distant portions of the 
plane. Sucli series we shall speak of as converging in the 
neighborhood of the point at infinity. In order to obtain 
eolutdoris in this form we will inti-odnce the auxiliary variable 
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